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MOTIVATION: SAFE-CRITICAL TASKS

Reach destination...

...safely
(avoid obstacles with
unknown locations)

...with minimal effort
(minimize energy)

Actual execution using
CBF-based optimal control

Design autonomous systems which can guarantee
» SAFE and OPTIMAL control actions

> ...throughout a task

> ...with minimal or no supervision
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MOTIVATION — THE INTERNET OF CARS

GAME-CHANGING OPPORTUNITY:
CONNECTED AUTONOMOUS VEHICLES (CAVs)

FROM (SELFISH) “DRIVER OPTIMAL”
TO (SOCIAL) “SYSTEM OPTIMAL”
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A TEST BED FOR CAVs

Mcity test bed, U. Michigan

Mcity: A 32-Acre Outdoor Lab \cuty

Mcity is the world’s first full-scale simulated urban environment designed expressly Open test area

for testing the performance and safety of connected, automated. and autonomous that can be configured
vehicles under controlled and realistic road conditions. It is a 32-acre outdoor for a wide range of
laboratory for advanced mobility systems that includes: scenarios, including
parking lots and novel
intersection
geometries.

« Urban and suburban streets. including various lane configurations and
sidewalks, pedestrian crossings, bike lanes. ADA ramps, street lights.
parallel and diagonal parking. and a bus turnoff/stop.

Instrumentation throughout, including a control network to collect data 4-way stop
about traffic activity using wireless, fiber optics, Ethernet, and a highly intersection. with
accurate real-time kinematic positioning system straight as well as
tight and sweepingly
Other features include: curved approaching
roadways.
Straight gravel .
roadway with a Tree canopy, a
railroad crossing. £ simulated tree cover
3 that reproduces the
Traffic circle, 2 ~ = attenuation of signals
smaller version of a N4 3 &S that pass through trees.
roundabout that is Ny
common in Eurcpe 2 i - = Metal bridge deck,
and some older cities "o 1 abridge surface

inthe U.S ! 2 that poses special
Q A i ¢ challenges for radar
ﬂ Signalized inter- < and image processing
sections in different z L g y Sensors.

configurations, with
mast arms, wood and > Moveable building
n‘.e‘:al poles, and facades up to two
pedestrian crossings stories high allow

2 researchers to test
Trunk line road, a Z the effects of various
rural roadway with a ] materials and
fully equipped railroad B2 = geometries on sensor
crossing, guard rail, 4 1 performance.
and temporary and 5
permanent pavement 5 Meandering gravel
markings. 3 2 4 roadway

Brick paver road
simulated with
stamped concrete.

Limited access
freeway with access
ramps, highway
signage. guardrails,
crash attenuators,
and a concrete
jersey-style barrier.

Underpass, simulated i 7,

by a tunnel that blocks KA
vehicles from wireless

and satellite signals

Roundabout, an Calibrati?n mo.und
NIVERSITY increasingly common —&= e tocalibrate inertial
osc ELAWAR r approach tointersec: TMeasUNemESTLS6n s0rs
o e i tion design intended L onvehicles:
E Ui e toimprove safety.
Open test area
that can be configured
for a wide range of
2 scenarios, including
ENTRANCE parking lots and novel
intersection
geometries.
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CONTROL ZONES

Mcity: A 32-Acre Outdoor Lab M |city

Mcity is the world's first full-scale simulated urban environment designed expressly Open test area L
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FROM
TRAJECTORY PLANNING

TO EXECUTION:

CONTROL
BARRIER FUNCTIONS (CBFs)

Ames, Grizzle, Tabuada, CDC 2014; Xiao, Cassandras, Belta, Automatica, 2021



OPTIMAL CONTROL v REAL-TIME EXECUTION

MODEL
PREDICTIVE
CONTROL

OPTIMAL = &
CONTROL |k

= Easy to solve BUT...

Hard to obtain solutions when
constraints active Suboptimal
Time consuming to compute Linearization errors

Models are too simple Models still too simple
Not robust to disturbances Computationally expensive
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OPTIMAL CONTROL v REAL-TIME EXECUTION

CONTROL
7\ BARRIER
FUNCTIONS

OPTIMAL
CONTROL |

Easy to solve

Forward Invariance
Hard to obtain when Nonlinear Dynamics and
constraints active Constraints
Time consuming to compute Complex objectives
Models are too simple Noise in dynamics
Not robust to disturbances BUT...

= Suboptimal
Possibly conservative, myopic
Christos G. Cassandras CISE - CODES Lab. - Boston University



CONTROL BARRIER FUNCTIONS - OVERVIEW

- SPECIFICATIONS

- What is KNOWN or
LEARNED about the
autonomous system

State space: all states ' Feedback control space

that autonomous system can access
(e.g., positions, speeds,...)

FORWARD INVARIANCE:
Controller guarantees
SAFETY over all future times

Control Barrier Functions (CBFs)
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CONTROL BARRIER FUNCTIONS - OVERVIEW

= System dynamics: X=f(X)+g(x)u

= Control Barrier Functions: b >0
(continuously differentiable (X) 2
state constraints) IMPLIES

= Map each CBF onto another constraint on the control input such
that the satisfaction of this new constraint implies the satisfaction
of the original constraint:

=L ET N | Dy (X(1)) + Lghy (x(D)u(t) + y(by (x())) 20

Lie derivatives Class K function:

along f and g strictly increasing,
¥(0)=0, y(t)=—>ast— oo

LV(x) = % f(x) and L,V (x) = % g(x)
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CONTROL BARRIER FUNCTIONS - OVERVIEW

CBF constraint:  [IANNCI0) AT @ (b (X(t))) =0

This inequality provides a set of feedback controls that guarantee

b, (X) > 0O for all future times » FORWARD INVARIANCE

Details, Proofs, Applications in.... [@ UL IOI0NY

¢ with Control
Barrler
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CONTROL BARRIER FUNCTIONS - OVERVIEW

= Control Lyapunov Functions:
(can be used to stabilize one or more state variable)

PN ET ol LV (X(1) + LV (X(E)u(t) + &V (x(1)) < 5(t)

Example: (V; (t) = Vyer (1))? Soft constraint parameter
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CONTROL BARRIER FUNCTIONS - OVERVIEW

= Solve optimization problem:

T
min / [w(t)||? + po(t)dt
0

w(t).0(t) /o

subject to

State dynamics

Uimin < U < Upmaxr Control constraints
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CONTROL BARRIER FUNCTIONS - OVERVIEW

= Discretize time and solve a sequence of Quadratic Programs (QPs):

(u*(ty), 8*(tx)) = arg  min |Ju(ty)||* + ps°(tk)
u(tg ), olty )

s.t. Vehicle Dynamics, CBF constraints, CLF constraints

Linear in u,

= Easy to solve
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SEVERAL ISSUES TO RESOLVE...

1. What if control u(t) does not show up in CBF constraint?

Lty (x(1)) + (1) + (B (x(1))) > 0 |

=07???
2. Is each QP problem always FEASIBLE ?

3. Since CBF constraint is only a sufficient condition for the original
constraint, how CONSERVATIVE are the controls that come from (%) ?

4. What if the environment/system is TIME-VARYING?

5. What if DYNAMICS ARE UNKNOWN?

Christos G. Cassandras CISE - CODES Lab. - Boston University



ISSUE 1: HIGH ORDER CBFs (HOCBFs)

KEY IDEA: Keep taking derivatives of b(x) until u shows up

Define a sequence of functions v(x):

m : Relative degree of b(x) = number of times it needs to be
differentiated along its dynamics until the
control u explicitly shows in the

corresponding derivative.
HOCBF constraints:

sup [L¥'b(x) + [L,L ;],’1'_ (@) u+S(b(x)) +am(Vm_1(x))] >0

=

Lie derivatives Remaining Lie ' Class K function |
along fand g derivatives
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ISSUE 2: QP FEASIBILITY —» EVENT-DRIVEN
CONTROL

KEY IDEA: REPLACE TIME-DRIVEN CONTROL BY
EVENT-DRIVEN CONTROL

(u*(ty), 8*(tx)) = arg min |[u(ty)||* + pd*(tk)
u[r;L ).8(tg)

s.t. Vehicle Dynamics, CBF constraints, CLF constraints

How to pick At ?
Too large = feasibility for next step may be lost

—————————

Instead, trigger the next QP based on appropriate EVENTS
Side benefit: increased unpredictability = extra security !

Xiao, Belta, Cassandras, IEEE Trans. on Automatic Control, 2023
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ISSUE 3: CONSERVATIVENESS —» ADAPTIVE CBFs

KEY IDEA: ADAPTIVE CBFs TO MAXIMIZE FEASIBILITY ROBUSTNESS

If constraint becomes active
before detection of obstacle,
then safety is not
guaranteed (e.g., too late to
decelerate/turn away)

Can we shrink infeasible set? (which may be hard to identify...)
—> Make constraint active as late as possible

Define a FEASIBILITY ROBUSTNESS metric and adapt CBF
constraint to maximize it

ADDED CHALLENGE: Learn INFEASIBLE SETS
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ISSUE 4: TIME-VARYING ENVIRONMENTS —»
ADAPTIVE CBFs

KEY IDEA: ADAPTIVE CBFs
Revisit ADAPTIVE CBFs with more flexible forms of adaptivity, e.g.,

L;(2) + LeL'bj(@)u + O(b; () +m (Ym—1())

Non-negative parameters

Learn optimal parameters

Xiao, Belta, Cassandras, Aufomatica, 2022
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ISSUE 5: UNKNOWN DYNAMICS » EVENT-DRIVEN
CONTROL

1. Define ADAPTIVE AFFINE DYNAMICS e Wpsys s

\ 2

2. Find HOCBF that guarantees

g

3. Formulate CBF-based QP

 Z

4. Determine EVENTS required to solve QPs + condition that
guarantees REOEIRAINY between events

Xiao, Belta, Cassandras, IEEE Trans. on Automatic Control, 2023
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OC + CBF APPROACH (OCBF): OVERVIEW

OC SOLUTION

(UNCONSTRAINED OR SOME CONSTRAINTS ONLY)

STATE l Track unconstrained/partial
CONSTRAINTS I

[ OCBF } OC solution
CONTROL [P d

CONTROLLER + safety guarantees
CONSTRAINTS

+ accommodate real-world
complexity

Nonlinear Complex
Constraints Objectives

Nonlinear
Dynamics
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OPTIMAL CONTROL
+

CBFs
V

OCBF CONTROL




OC + CBF APPROACH (OCBF): OVERVIEW

OC SOLUTION

(UNCONSTRAINED OR SOME CONSTRAINTS ONLY)

STATE l Track unconstrained/partial
CONSTRAINTS I

[ OCBF } OC solution
CONTROL [P d

CONTROLLER + safety guarantees
CONSTRAINTS

+ accommodate real-world
complexity

Nonlinear Complex
Constraints Objectives

Nonlinear
Dynamics
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OCBF CONTROL SYSTEM

\O FEEDBACK CASE

Uref (t) =u’ (t)

u*(t), x*(t) uref(t)

r1£1(itfr)1f||uref —u(t)||dt uOCBF(t)

Safety guarantees!

F(x(0), x*(t), u™ (1))

x(t)
Ugcpr(t), x(t)
GET BEST POSSIBLE
OCP SOLUTION OPT. TRACK WITH
WITHINREALTIME > GET FEEDBACK > GUARANTEED SAFETY
CONSTRAINTS
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OC + CBF APPROACH (OCBF)

STEP 1:  Solve the Optimal Control Problem (OCP)

...With the least possible
amount of simplifications,
e.g., linear dynamics and
no constraints.

$

™ f
J = [ B+ Clx.u,1)]dt.

L ﬁj

subject to:
X = f(x)+ g(x)u

x(rp) = X, (ormin. |lx(r) — X|P)

bi(x(1)) = 0. Vr e [1.14]

u*(r) and x*(r)

'rI]]j]] E -r[-r] E Imax‘, ‘i,f E [ID' .rf"]

Unin E u i: Umax
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OC + CBF APPROACH (OCBF)

STEP 2: Observe actual system, allowing for unmodeled
disturbances and noise

X = f(x)+gxu-+w

UGG, (1) = h(u™ (1), x*(1), x(1))

From OCP Actual state
trajectory

g
n ]

1 ]—.’l.'_lr' L1}

EXAMPLES:

Urep(1) =€~ 7w’ (1)

...possibly simply Upe (1) = U™ (1)

Christos G. Cassandras CISE - CODES Lab. - Boston University



OC + CBF APPROACH (OCBF)

STEP 3: Optimally track the simplified OCP solution using actual
state feedback for improved performance

i 'f,
min f (ﬁﬁf(rﬁ ||ee () — ttr{,_f{r)llz)dr.
f

u (1).6, (1)
subject to:
Xx=fx)+gxu+w  Upip U< Upgy

@F;_!}'fﬂj('r)+l‘£‘[‘?j_l b}(‘r)“ +5 (bj('r)}+f-}f..m_,f'fffmj':l.l"""mj—l(I)) >0.57eS, )

LD max (X) +Lg L}’.**'" bimax (X)U+S (D max (X)) + Pi max m; (W1 (X)) = 0

n

%f'” I’T?:',min(.r]-l-LgLTi_l Dimin(X)u+S (hf.min(x)]+P:’,min‘?mf (Wm;—1(X)) 2 0 %

LiV(ye(0) + LoV (0)u(r) + €V (yp(r)) < 0x(1) <+———— CLF for some states
(if desired)

HOCBFs corresponding to e.g., Vi) := vi(1) = Vyux
state and safety constraints: 5 ;(x(7)) > 0, *min < *(7) S
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OC + CBF APPROACH (OCBF)

STEP 4. Solve the optimal tracking problem in real time

Discretize time and solve a sequence of Quadratic Programs (QPs):

(u*(te), 6%(tx)) = arg min |[u(ty)|* + pd°(tk)
u(ty ), olty )

s.t. Vehicle Dynamics, CBF constraints, CLF constraints

—————————

Preferably, using EVENT-DRIVEN control

Christos G. Cassandras CISE - CODES Lab. - Boston University



AS AN OPTIMAL CONTROL
PROBLEM




OPTIMAL MERGING

Merging Point
1Y
Zs4

- - Main lane Xo, Vo, uﬂy —‘ CAVS exit

CEES [ . aeo | | ....... e o |-
1 G e

Xa, V4, Ua X1, Vi, U

. o
Randomly arriving X3, V3, Us @ /_xﬂa Vo o
ls 1;

Control zone o
3 /
B -:?\? 7= X2, V2, U2 ﬁ;

CAVs

Coordinator
v index info. lane
0 xﬂa v[h u[} main

X1, Vi, U; | main

X3, Vs, Us merging

Xi, Vi, Uy | main

Randomly arriving Xs, Vs, Us | main
CAVs FIFO queue

Xiao and Cassandras, Automatica 2021
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MERGING WITH CURVES

Merging into the Mass Turnpike in Boston, MA

N

M cgachusetts Tumpike (Toll road)
as

= Human-driven vehicles = CAVs
(with comfort accounted for to

accommodate centrifugal forces)
Xiao and Cassandras, CDC, 2021
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SAFETY-CRITICAL AUTONOMOUS DRIVING

Map [ Trajectory Fitting Map data format
7d

-~ w== - | * Trajectory tracking (mid-lane)
« State constraints (steering angle,
speed)
™ |« Control bounds (jerk, steering
A accel.)
esew 7o Obey prioritized list of traffic

(O Draw Trajectory

(O Choose a Waypoint ru Ies
spesstecursonGmpuersine QO SYNTHESIS

Delete Veh/Ped

Delete Trajectory

Total time | 20
Simulation step 0.1

Simulation Delay| 0.02 De tails:

|l Ch.10of ... | |

Pl —
o NI, | [

470 -

460 -

450 -

440 -

430 -

420 -

410

— ] (00
1 vsin{u + 5) 0 o0
ji L sin § —  Le9slitd) 0o .
i 0 1 0 Usteer
& ) 0 o u
| w 0 01
AN y 4L N
£ |
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QUADROTOR SAFE NAVIGATION

20 4
Drone pos: 29.95 -29.95 16.09 m
g 18 Attitude: 1.113 1.1120.0108 deg | [ X 7 [ Uy ] I 0 0 0 07
} 16 D 0 C¢39C¢ +S¢,S¢. Ay 0 0 0
14.] y|_|oy N £ 0 B L 0O 0 0 Ux
p | : i:?y 1 0 M SwSQC{p—CwS‘p M 0 Ay 0 L‘y
3 v, 0 0 0 0 :
1 _ I e : L E)Z. J L =& | L Cﬁ'cfib L 0 0 Ax ]
s I=EE===c
-20 r
20 16-state quadrotor model
xr/m
y/m B /
Roll, Pitch, Yaw
Ch 1 [we 0 0
or 0 wgCyTyp+weSe/Cpy  —wpSeCa+ waCy/Ch , :
t Wy 0 0 -1 f.
. =1 0 _ S —wonC q |+ W,? q
{Uﬁg WO Wepl g p P
1/ Wy 0 0
_(’:);fr, L 0 w¢C¢/C9+(UQS¢TQ/Cg —{U¢.S¢/Cg+wgC¢Tg/Cg_
Angular speed >
Wi =bu; — Bog—Piw; —BFrwr, i € {1,2,3.4
Of eaCh rotor i 14 ﬁ{}l )6’] i )82 i { }
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THE ROAD AHEAD...

= Make CBF-based methods less myopic, less conservative:
MPC + CBFs

Adaptive cruise control i, O = (1) +0, telt) "]

— — —MPC N=1
— — —MPC N=6

MPC-CBF N=1
MPC-CBF N=6
MPC-CBF N=20 | 1

I

\—-/Safety violated! ‘f \/\/

(need adequate Iookahea

19 20 21 22 23 24 25

Computational cost: Generally, MPC cost > 10 x (CBF-based cost)
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THE ROAD AHEAD...

= Resolve all practical issues related to CBFs:
conservativeness, feasibility, unknown dynamics, etc

= Using learning methods: Safety guarantees for NNs
= Reduce complexity: Safety Attention Transformations

- Pay more “attention” to some state variables
- Replace HOCBFs (can be complex) by CBFs

Christos G. Cassandras CODES Lab. - Boston University
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